We use a particular prescription to gauge an S 3 model with a U (1) Maxwell field. This model reverts to the usual Skyrme model in the limit of the gauge coupling constant vanishing. We show that static solutions exists and that they are topologicaly stable. Because of our gauging prescription they have an axial symmetry. They are not charged, but have a non-zero magnetic fields. The energy of the gauged Skyrmion is smaller than the energy of the usual Skyrmion. A brief comparison with results in the literature is made.
Introduction
Much attention has been paid to the Skyrme [1] model in 3 dimensions during the last few years. It is believed to be an effective theory for nucleons in the large N limit of QCD at low energies. The classical properties as well as the quantum properties of the model are in relatively good agreement with the observed properties of small nuclei [2, 3, 4] . Gauging the Skyrme model is an old idea and it has been used amongst other problems to study the decay of nuclei when the Skyrme model is coupled to the weak interaction [5, 6, 7, 8, 9, 10] , or to study the decay of nuclei in the vicinity of a monopole [3] . The gauge degree of freedom of the Skyrme model has also been used to compute the quantum properties of the Skyrmion [5] where the gauge degree of freedom were quantised to compute the low energy eigenstates of a Skyrmions. These states were identified as the proton, the neutron and the delta.
The aim of this work is to show that the U(2) Skyrme model can be coupled to a self contained electromagnetic field and that this U(1) gauged model has stable classical solutions. In addition to its intrinsic interest as a soliton in the Maxwell gauged Skyrme model, the present work is also an example of a soliton in a d-dimensional SO(N) gauged S d model for which N < d, extending the method used in Refs. [11, 12] in 3 and d dimensions respectively. The method was first employed for 2 dimensional examples in Refs. [13, 14, 15] . This method consists of establishing topological inequalities, which was absent in other attempts to gauge the Skyrme model [3, 5, 6, 7, 8, 9, 10] . Notice that to be consistent, we have decided to name sigma models after the manifold in which the fields takes their values rather than using the name of the symmetry group for the model. Thus what is sometime called the O(d + 1) model in the literature will be refered to as the S d model. To parametrise the SU(2)-valued Skyrme field, we have chosen to use a 4-component vector of unit lenght φ. The SU(2)-valued fields U is then given by
with τ a = (i σ, 1) andτ a = (−i σ, 1). The Lagrangian, for the U(1) gauged Skyrme model can then be written as
in which the constants κ 0 , κ 1 and κ 2 have dimensions of length. The covariant derivatives in (2) which specify the gauging prescription are given by
The late Greek indices µ label the Minkowskian coordinates, while the early Greek indices α = 1, 2 and the upper case Latin indices A = 3, 4 label the fields φ a = (φ α , φ A ) satisfying the sigma model constraint |φ a | 2 = 1 ( a = 1, 2, 3, 4).
The gauging (3) is equivalent to the gauging prescription employed by Callan and Witten in Ref. [3] , namely
with the charge matrix of the quarks expressed as Q = 1 2
. This equivalence is immediately seen by substitution of (1) into (4) and will be further explained in our discussions.
The static Hamiltonian pertaining to the Lagrangian (2) is
It follows from the form of the positive definite density (5) that its equations of motion do not support a finite energy soliton solution that describes an electric field. This can be seen by noticing that the scalar U(1) potential A 0 involves the sum of the squared velocity term |∂ i A 0 | 2 , plus a positive definite coefficient times its square |A 0 | 2 , so that the part of the energy depending on A 0 can be scaled down to vanish. Alternatively one substitutes the Gauss Law constraint arising from the variation of (2) with respect to A 0 into (5) and finds that the resulting energy is bounded from below by the Noether charge density divA 0 E which cannot yield a finite electric flux consistent with finite energy conditions. We shall therefore work in the temporal gauge with A 0 = 0 from the onset and our soliton will feature only a magnetic field.
Sometime ago the problem of gauging the Skyrme [1] model with a U(1) gauge field attracted considerable attention in the literature [2, 5, 3] in various but related contexts. While the stability properties of the (ungauged) Skyrme hedgehog were well understood [1, 5, 16] , a corresponding detailed study of the U(1) gauged Skyrmions was not carried out in any detail. The latter task is the main aim of the present work.
Our prescription for gauging the Skyrme model with U(1) leads, like in the ungauged case, to the establishing of topological inequalities bounding the energy from below. The topological charge that gives this bound is the usual Baryon number, which is the volume integral of the density
The Latin indices i, j, k label the components of the (Euclidean) position vector x i = (x α , x 3 ) with the early Greek indices α = 1, 2 and x 3 = z in anticipation of the imposition of axial symmetry in R 3 . The volume integral of the density (6) is the degree of the map, which in this case will be an integer modulo a normalisation factor of 12π 2 n, n being the vorticity of the axially symmetric 1 field configurations we will study.
The detailed relation of our gauging prescription to the previous ones [2, 3] will be given in the Discussions' section where we also give a brief comparison of our results with past results in the literature. The main difference of our approach from the previous ones [2, 3] is that while the latter satisfy the requirements of Derrick's scaling criteria, our approach does this also in addition to establishing topological inequalities bounding the energy from below by the Baryon number, namely the volume integral of (6) .
In the light of the above described property of the topological charge, it is natural to ask if in a given (Euclidean) dimension d it is possible to gauge the S d model with the gauge group SO(N) with N < d, and still establish a topological lower bound on the energy in terms of the same winding number given by the volume integral of
namely the topological charge of the ungauged model. This is precisely what we have done in the present work, for the particular case d = 3 and N = 2. In other words we have gauged the usual Skyrme model [1] with the local gauge group SO(2), or U(1).
As a gauged version of the Skyrme model supporting stable solitons, we hope that our model can be physically relevant in addition to its mathematical interest.
In Section 2 below we define the gauge invariant topological charge density and procede in Section 3 to establish the requisite topological inequalities leading to the definitions of the possible models that support solitons. In Section 4 we compute numericaly the solution to the most conventional of the models arrived at in Section 3. Section 5 is devoted to a detailed discussion of our results the background of previous attempts at the U(1) gauging of the Skyrme model.
The topological charge
For the case of the SO(N) gauging of the d-dimensional S d sigma model with N taking its largest value, N = d, we refer to the work of Ref. [12] for d = 2, 3, 4.
Before we proceed with the SO(2) gauging of the the S 3 Skyrme model, we note a feature common for all gauging of the d-dimensional S d model with the SO(N) gauge group with N ≤ d. The gauge invariant topological charge is defined in terms both of the gauge variant winding number density (7) and the gauge invariant density
in which the covariant derivative is defined in accordance with the value of N, to be specified below. It is then a common feature for all N that the difference between ̺ (8) and (7), is always expressed by a partition into two terms, one of them a gauge invariant density and the other a total divergence of a gauge variant density. The covariant derivatives of the d + 1 component unit vector fields φ a = (φ α , φ A ) with α = 1, 2, , .., N and A = N + 1, N + 2, .., d + 1 are defined by
In (9) the notation
αβ . We now specialise to the system at hand, namely gauging the S 3 model in 3 space dimensions with U(1), or SO(2), gauge field, whence d = 3 and N = 2 in (9). The covariant derivatives (9) in this case coincide with (3) A straightforward calculation leads to the following relation between the gauge variant density ̺ 
where the density Ω i is the following gauge variant form
As in all the cases treated in Ref. [12] , the definition of the topological charge density given by (10) is manifestly gauge invariant, such that it splits up into the two gauge variant pieces ̺
0 (7), the Baryon number density and a total divergence given by (11) whose volume integral must vanish by virtue of the large distance behaviour of the fields. This last property is required so that the resulting topological charge will be the degree of the map of the ungauged S 3 sigma model, namely the volume integral of (6) with d = 3. We shall accordingly consider only solutions which are regular at the origin and have requisite decay properties leading to the vanishing of the surface integral of Ω i (11) .
Identifying ̺ (10) with the naught component j 0 of the Baryon current j µ defined by
has the following 4-divergence
which can be shown to be locally a total divergence, and hence that the Baryon current (12) is a conserved current the volume integral of whose 4-divergence vanishes.
It is interesting to note that the Baryon current associated to the soliton can be reexpressed formally as in Refs. [7, 11] as
with the only non-vanishing components of the curvature appearing in (14) being the U(1) componets F αβ µν = ε αβ F µν , and the rest F 
Topological inequalities
We will now show that it is possible to derive a model whose Hamiltonian is bounded from below by the topological charge density defined by (5) . We will then show that the gauged Skyrme Hamiltonian (5) is given by the derived Hamiltonian after adding a positive definite term to it, hence proving the topological stablility from the classical solutions of the gauged Skyrme model. First of all, we reproduce the density ̺
2 in (10) by using the following inequality
where the two constants κ 3 and κ 2 have the dimensions of length. Expending the square, we get ̺
2 is
where the square brackets on the Greek indices imply (total) antisymmetrisation.
To reproduce the other term in (10),
, we use the following identity:
yielding
With the special choice for the relative values of the constants 2κ 3 κ 2 2 = 3κ 4 κ 2 0 , the sum of (16) and (18) yields the following
The right hand side of (19) is now proportional to the topological charge density ̺ defined by (10) so that the inequality (19) can be interpreted as the topological inequality giving the lower bound on the energy density functional if we define the latter to be the left hand side of (19) , namely
The Hamiltonian system (20) is almost the Hamiltonian of the gauged Skyrme model (5) (remember that A 0 = 0). It differs from the latter only in its last term. Now we can use the identity
and add the positive definite term
2 appearing on the right hand side of (21) to H 0 in (20) to end up with the Hamiltonian for the U(1) gauged Skyrme model: ).
By virtue of (19), (22) is also bounded from below by 2κ 3 κ 2 2 ̺, namely by a number proportional to the topological charge density ̺.
We thus see that H 0 can be considered as a minimal (U(1) gauged) model, but from now on, we will restrict our attention to the physically more relevant model (22) and integrate it numericaly to find its topologically stable finite energy solitons.
The soliton solutions to the system (22) can only be found by solving the secondorder Euler-Lagrange equations, and not some first-order Bogomol'nyi equations since saturating the inequalities (15) and (17) would not saturate the lower bound on the energy density functional H. In this context we note that saturating (15) and (17) does indeed saturate the topological lower bound on the functional H 0 by virtue of the inequality (19) , and should it have turned out that the Bogomol'nyi equations arising from the saturation of (15) and (17) supported non-trivial solutions, then H 0 would have been a very interesting system to consider. Unfortunately however it turns out that these Bogomol'nyi equations have only trivial solutions in exactly the same way as in the case of the (ungauged) Skyrme model [1] , as can be readily verified.
If we define energy as a function of the parameters
and perform the dilation
If we chose σ = (
hence showing that we can set λ 1 = λ 2 = 1 without any loss of generality. Moreover, combining (22), (23) and (24) we have
Notice that for the usual Skyrme model we have
0 .
We will use (28) to compare the numerical solutions of the gauged Skyrme model with the solutions of the ungauged Skyrme model.
The soliton
To find the static solution of our model, we have to look for the largest symmetry group of the Hamiltonian (22) and look for solutions which are invariant under that symmetry group. For our choice of gauge the largest symmetry is the SO(2) group corresponding to an axial rotation in space-time and a gauge transformation on the gauge field. Defining the axial variables r = x 2 1 + x 2 2 and and z = x 3 in terms of the coordinates x i = (x α , x 3 ), α = 1, 2, the most general axially symmetric Ansatz for the fields φ a = (φ α , φ A ) (with α = 1, 2 and A = 3, 4), and,
with n α = (sin nφ, cos nφ) in terms of the azimuthal angle φ andx α = xα r . We then substitute the anzatse (29) in the hamiltonian (22) and defining H = rH so that E = 2π Hdrdz and we have
We do not state the Euler-Lagrange equations pertaining to the static Hamiltonian (31) because these are too cumbersome, except to note that it is possible to set the functions b(r, z) = c(r, z) = 0 everywhere, consistently with the equations of motion.
We shall restrict ourselves to these solutions henceforth and seek numerically the non-vanishing functions f (r, z), g(r, z) and a(r, z).
The numerical integrations are restricted to the case where the vortex number n appearing in the axially symmetric Ansatz (29) is equal to 1, i.e. our soliton carries unit Baryon number. This is because up to the normalisation factor of 24π 2 n, the vortex number n turns out to be equal to the degree of the map stabilising the soliton, which happens to be the Baryon number.
Using (24), we have found numericaly that E(1, 1, 1) = 24π 2 1.0197 whereas the lower bound for the energy given by (27) is 24π 2 0.9487. In Figure 1 .a, we present the total energy for the gauged Skyrmion as a function of λ 0 , together with the lower bound given by (27) . Note that the asymptotic value of E(λ 0 , 1, 1) is 24π 2 1.2295 as λ 0 → ∞. As a comparison, the energy (28) for the ungauged Skyrmion is E sk (1, 1) = 24π 2 1.2295 with a lower bound set at 24π 2 . We see that E(λ 0 = ∞, 1, 1) = E sk (1, 1) which means that as λ 0 → ∞, the gauge coupling 1/λ 1/2 0 goes to zero and the gauged Skyrmion becomes in this limit the ungauged Skyrmion.
We note two interesting features of Skyrme solitons. The first is that the energy of gauged Skyrmion is smaller than the energy of the ungauged Skyrmion. The second is that the amount by which the energy of the gauged Skyrmion exceeds its topological lower bound is considerably smaller than the excess of the energy of the ungauged Skyrmion above its respective topological lower bound.
In Figure 1 .b, we show the ratio between the Maxwell energy and the total energy of the gauged Skyrmion as a function of λ 0 . We see that as λ 0 increases, the electromagnetic energy becomes very small, indicating that the larger the Maxwell term, the less important is the contribution of Maxwell field to the total energy. In Figure 2 , we show the profile and the level curve for the energy density of the Skyrmion in the r, z plane. The magnetic field vectors of the Skyrmion are parallel to the r, z plane. In Figure 3 , we show the configuration of magnetic field using arrows to represent the magnetic field vector at each point on the grid. Notice that there is a vortex arround the point r = 0, z = 2. The magnetic field is thus generated by a current flowing on a ring centered arround the z axis. In terms of the usual physical constants [5] , we have λ
2 where we use a instead of the traditional e for the Skyrme coeficient to avoid confusion with the electric charge.
In our units, c =h = 1, we have e = (4πα) 1/2 where α = 1/137 is the fine structure constant. Chosing F π = 186MeV, we can find the value for a by requiring that the energy of the neutron M n = 939MeV matches the energy of the Skyrmion:
e 2 , 1, 1).
In Figure 1 .a, we can read the value of E(λ 0 , 1, 1) (given in units of 24π 2 MeV) with λ 0 = a 2 /e 2 . We now have to find the value of lambda for which 24π 2 E(λ 0 , 1, 1) = 8λ 1/2 0 eM n /F π . The intersection between the two curves is located in the region where the energy is virtualy equal to the assymptotic value E(λ 0 , 1, 1) = 1.2295. This means that a ≈ 3π 2 1.2295F π /M n ≈ 7.2 and that λ 0 ≈ 567. We can thus conclude that the effective impact of the Maxwell term we have added to the Skyrme model is relatively small.
This justifies the procedure used in [3] where the Skyrmion was coupled with the constant magnetic field of a magnetic monopole. Indeed, as the maxwell field generated by a Skyrmion is very small (for the parameters fitting the actual mass of the nucleons) the external field is much larger than the Skyrmion's magnetic field. We can also conclude that if we tried to quantise the Skyrme model as in [5] (by quantising the zero modes corresponding to the global gauge transfornation) but taking into acount the electromagnetic field generated classicaly by the Skyrmion, the result would not be much different from what was obtained in [5] .
Summary and discussion
We have shown that the SU(2) Skyrme model gauged with U(1) has finite energy static solutions and that these solutions, like the ungauged ones, have a topological lower bound. The classical solutions are axially symmetric and do not have any magnetic nor electric charges. The electric field for the static solution is identicaly zero but on the other hand, the gauged Skyrmion has a magnetic field shaped like a torus centered arround the axis of symmetry, albeit resulting in zero magnetic flux.
The energy of the gauged Skyrmion is smaller than the energy of the usual ungauged Skyrmion. When the gauge coupling 1/λ 1/2 0 goes to 0, the gauged Skyrmion tends to the usual Skyrmion. On the other hand, the energy of the Skyrmion becomes closer to the topological lower bound as the gauge coupling increases. It is also interesting to note that the excess of the energy of the gauge Skyrmion above its topological lower bound, is considerably less than the excess of the energy of the ungauged Skyrmion above its respective topological lower bound.
Perhaps the most interesting physical result of the present work is that when parameters in the model are fitted to reproduce physical quantities it turns out that the effect of the Maxwell term in the Skyrme Langrangian is very small. This is because for the physical value of the constant λ 0 = 1133, the energy of the gauged Skyrmion differs little from that of the ungauged Skyrmion, as seen from Figure 1b . The gauged Skyrmion field itself is thus nearly radialy symmetric (though the gauge field is not).
The interesting mathematical aspect of our results is that a d dimensional S d sigma model can be gauged with SO(N) for all N ≤ d, such that the resulting gauge invariant energy is bounded from below by the degree of the map, namely the topological charge. This result is in contrast with all SO(N) gauged Higgs models in d dimensions [17] which support topologically stable finite energy/action solutions only when N = d. This property of gauged S d sigma models, which contrasts with the situation in the gauged Higgs [17] and gauged Grassmannian models [18, 19] , can be understood on the basis that the topological charge of gauged S d models is characterised by the geometry of the symmetric coset space SO(d + 1)/SO(d), while for the gauged Higgs and Grassmannian sigma models the topological charge is characterised by the geometry of the gauge group 2 characterising the gauge connection, and are all descended from Chern-Pontryagin classes [17, 18, 19] .
The final item in this Section is a brief comparison of the U(1) gauging by Callan and Witten [3] and the equivalent one presented here. The Baryonic current density in [3] , corresponding to our topological current (12) , is defined as
which is in fact gauge invariant, as it should be, and as we shall see explicitly below. The topological charge density is identified as the 0-th component of j 
with (34), the Baryonic charge density. It is interesting to note that just as in (10) the first member of (33) consists of the ungauged winding number plus a total divergence term whose volume integral results in a vanishing surface integral for the soliton field configurations, thus bounding the energy from below by the Baryon number.
We can now state the inequalities analogous to (15) and (17) in Section 2 
The topological charge density on the right hand side of (38) supplies the lower bound on the energy functional defined as H (U ) . It is easy to verify that this density is equal, up to a numerical proportionality constant, to the model (20) . Moreover the last term in (38), which results in its departure from the straightforwardly gauged Skyrme model, coincides with the last term in (20) playing the same role. It is therefore obvious that using (21) in the same way this term can be disposed of to yield the model in [3] , augmented by the Maxwell term, analogous to our (22).
